I. INTRODUCTION
Rollover occurs when a vehicle flips over, and there are two types: tripped and untripped. Tripped rollover is the most common type, and occurs when the vehicle has started to skid, hits an obstacle, and finally flips over. Untripped rollover is induced by the driver, either during extreme maneuvers, or in panic situations [1] .
Rollover is the second most dangerous car crash on American Highways. In the year 2000, 9,882 people were killed in light vehicle rollover crashes, including 8,146 killed in single-vehicle rollovers. Vehicles with high centers of gravity (CG), e.g., Sport Utility Vehicles (SUVs) are becoming more and more popular. These vehicles are more likely to rollover during extreme maneuvers compared to ordinary cars [2] . The untripped rollover is not well understood, and it is only responsible for a small portion of the fatalities. Still, people are getting killed by untripped rollovers, and research on this subject is motivated. The aim for this work is to find a control system that can prevent untripped rollovers, with minimum trajectory deviation. The controller will use the brakes and the traction system as actuators. Controllable brakes are standard on many cars, and they are therefore cheaper and more available compared to other actuators. Traction systems that can distribute driving torque between the different wheels are not that easily available, but will provide more freedom for the controller.
First the mathematical models describing the vehicle are introduced. This is followed by a new rollover measure, capable of giving a warning before an imminent wheel lift-off. The rollover measure is used to trigger a gain This article is based on [3] , where a more in-depth discussion can be found.
II. MODELS
In the present context a vehicle essentially consists of two major components, the tires and the chassis.
The characteristics of the tires are important, because the forces which the driver can influence are generated by the tires. In order for the tires to produce lateral forces, they need to slip sideways. The sideway slip or lateral slip is measured with a slip angle, α. The tire forces increase with increasing slip angle, but eventually these tire forces will saturate. If the wheel is braked or driven, then a longitudinal slip and a longitudinal force, F x , are generated.
During pure lateral slip the expression for the lateral force can be written as F y0 = F y0 (α, F z ), where F z is the normal force. This can be described by the Magic Formula [4] , [5] . The formula describes the saturation properties of the tire forces and that F y0 does not vary linearly with F z . The expression for the formula is
see Table I for parameter explanations.
The simplest model for combined slip, i.e., combined braking and cornering, is based on the friction ellipse. It is assumed that F y and F x cannot exceed their maximum values, F y0 and F xmax . The resultant tire force is assumed to be on the edge of the ellipse,
is given by the Magic Formula and F xmax = µF z [6] . The expression for the lateral force becomes:
The friction ellipse is illustrated in Figure 1 . There is one ellipse for each tire. F x is the only force the controller can influence directly, and F y is affected by F x through equation (1) . The slip angles corresponding to the forward wheels and the rear wheels are expressed by: The car body is modelled as a sprung mass according to Figure 2 . The mass is considered to be connected to the wheel axles with torsional springs, i.e., the suspensions are lumped together. The springs have the combined stiffness c ϕ and combined damping k ϕ . The stiffness c ϕ is in reality nonlinear, since the springs only have a certain length. The roll axis is considered to be fixed.
The model used has 4 degrees of freedom. The motions considered are: u (longitudinal velocity), v (lateral velocity), r (yaw), and ϕ (roll). The front wheel axle is denoted 1, and the rear wheel axle is denoted 2. The individual tires are denoted as combinations of the wheel axle and the side which the tire is situated, e.g., 1L corresponds to front axle, left side. The equations of motion are described in (3) , and the parameters are shown in Figure 2 , and explained in Table II [4] .
When the car rolls, load transfer will occur. As mentioned earlier, the roll axis is considered to be fixed. However, when wheel lift-off occurs, the roll axis changes to be the point between the tires with road contact and the road. The equations of motion also change during wheel lift-off. This is not considered in the used model, i.e., wheel lift-off is not included. The moment balance equation and force balance equations were used to calculate the tire forces corresponding to the two axles (i = 1, 2):
The forces coming from the four wheels are summed up to form the total forces and moment (see Figure 3 ). δ is assumed to be small, i.e., sin(δ) = δ and cos(δ) = 1.
III. DETECTION
In order to prevent rollovers, it is necessary to know when a rollover is imminent. The approach used is inspired by Dahlberg [7] , and is based on energy considerations. The critical situation before rollover is when the potential energy reaches a local maximum, typically a saddle-point. In this situation a small perturbation can make the vehicle rollover. This is the basis of Dahlberg's measure. Dahlberg's measure is the lowest local maximum point of the potential energy. However, before this unstable position is reached, the vehicle will drive with only two wheels touching the ground, and the other two wheels will be in the air. During the drive on two wheels, the vehicle's handling characteristics can be assumed to be completely different compared to driving with all wheels on the ground. The driver will probably lose control of the vehicle [8] . Therefore, in this work the critical situation will be when two tires lift off the ground. If wheel lift-off can be prevented, then rollover is also prevented. It is assumed that the load transfer at the front axle is the same as the load transfer at the rear axle.
Just before wheel lift-off, the critical situation, all the load has been transfered to one side, see Figure 4 . In this situation, the lateral force is assumed to be the maximum possible force, given the vertical force, i.e., F y = µF z . When the vehicle is approaching the critical situation, the potential energy is increasing. The total energy at the critical situation is denoted E crit . If the sum of the potential energy (E potential ) and the roll kinetic energy (E kinetic,roll ), at any point, is above the critical total energy, then the critical position can be reached. The total energy in the roll movement is E crit is calculated using the moment equation about the roll axis:
The goal is to find the minimum E crit that can induce wheel lift-off. Two cases exist: the general transient case and the simpler steady-state case.
• Transient case: The critical energy is the minimum E roll (ϕ,φ) for which F z l − F y h = ϕc ϕ +φk ϕ is fulfilled, i.e., minimize E roll subject to (l − µh)mg = ϕc ϕ +φk ϕ
• Steady-state case: In the steady state caseφ = 0, i.e., a position in equilibrium. The moment balance (7) is changed to (l − µh)mg = ϕc ϕ . This gives ϕ crit , and ϕ crit inserted in (6) gives E crit . To get nice values a normalized measure is defined,
, where W W LO is Warning: Wheel Lift Off. This measure will be used to trigger the controller.
If W W LO < 0 then the car can reach the critical situation. The measure can give a warning when a wheel lift-off can occur. However, energy dissipation and driver input are not taken into account.
IV. PREVENTION
The control problem has been divided into two subproblems, to design a controller, and to design a control allocator. A gain scheduled discrete time LQ controller following a linear reference model will be used. The LQ controller outputs the desired tire forces changes, ∆F y and ∆M . These are then allocated to the four wheels by a control allocator. The controller structure is shown in Figure  5 . The benefit is that the actuator constraints, i.e., tire force saturation, can be taken into account.
A. LQ Controller
The LQ controller is a state feedback controller, i.e., ∆U (k) = −L∆X(k), that minimizes a cost function, J = ||Q 1 ∆U (t)||
The W W LO measure should be as low as possible and the roll angle is therefore penalized. If the roll angle rate is penalized, then it is more expensive to minimize the roll angle. A small penalty on the roll angle rate avoids this.
The controller is gain scheduled with r and u as scheduling parameters. Using linearization in different points is useful in the vehicle case, because the system dynamics radically changes with the yaw rate, r. The vehicle forward speed, u, is the main source of kinetic energy, and higher speed will give larger lateral forces during a specific maneuver. The forward speed is therefore also crucial for the operating point.
A linear bicycle model is used as a reference model [4] , and it provides the reference values for the lateral velocity and the yaw rate, v ref and r ref [3] . The yaw rate, r ref , is limited in order to not exceed the available amount of friction. This will make the controller try to maintain the linear bicycle behavior during all operating conditions. The controller is only activated when W W LO , is below a threshold. The threshold is tuned by simulation and testing. The W W LO threshold was chosen to be 0.3. The controller should be turned on and off in a smooth way, therefore a weighting function ψ is introduced. ψ is zero when W W LO is above 0.3, and increases quadratically to one, when W W LO is between 0.3 and zero. The control output is multiplied with ψ, to make the on-off transition continuous. This gives the following control law
In order for the controller to work an observer is needed, but this is outside the scope of this article.
B. Control Allocation
The control actuator's purpose is to solve an under determined system of equations under constraints. The control allocator is given the desired total control action and outputs the necessary commands to the actuators. This problem is usually nonlinear and is solved with constrained nonlinear programming. This can be time consuming and it is probably not suitable for real-time applications [9] . Therefore, a new approach based on convex optimization was tested.
The control allocation problem will be formulated as a second-order cone program (SOCP):
This type of problem can be solved efficiently with interior point methods [10] .
The brakes are chosen as actuators and it is also assumed that it is possible to apply a driving torque to the wheels, i.e., a forward force. Thus, the constraints are:
Note that the actuator constraints depends on the lateral load transfer, i.e., F z . Therefore, the size of the available half ellipses will be nonuniform. An example of the available forces configuration is shown in Figure 6 . The control allocation problem is to find T (t) = (F x1L F x1R F x2L F x2R )
T Fig. 6 . An example of available tire forces of vehicle turning right, seen from above. Fig. 7 . An example of available forces with the convex approximation of a vehicle turning right, seen from above.
that will give the desired control action U (t). The relationship between T and U (given by equations (1) and (5)) can be expressed as:
The control allocator should solve the equation (11) in the best possible way under the constraints (9). Thus, the forces (F x1L F x1R F x2L F x2R ) = T have to be found. How to define the best possible way is non-trivial, but a simple candidate is, x * = arg min x ||Ax − U || 2 . The original control allocation problem is nonconvex, and efficient optimization techniques cannot be used. However, if the equalities (10) are relaxed to be inequalities instead (12) , then the new set will be convex, see Figure 7 .
The last inequality demands that F yi will have the same sign as F y0 . This condition gives the desired half ellipse shape.
The new relaxed problem can be posed as a SOCP, and can be solved efficiently. The optimization variables are:
T and γ, where γ is a slack variable. The inequalities (12) , can easily be written on the form ||A i x|| < 1, e.g., 
and so forth. In order to try to force the solution to be on the boundary of the ellipse, i.e., the unrelaxed constraints (10) should be fulfilled, it is necessary to include this condition in the expression that will be minimized. If the lateral forces are chosen to be as close to the maximal lateral force available as possible, then the solution will be on the ellipse. This can be formalized in pseudo-code: While equation (10) 
After the optimization is completed, the constraint condition (10) is tested. If it is not valid, then the weight ζ k is lowered to half of the original value, and the optimization is redone. This time, the objective to minimize ||Ax − U || 2 , has lower priority, and the new solution is hopefully on the ellipse. If the new solution does not fulfill equation (10) , repeat the procedure again. In this way a solution fulfilling the original constraints will be found.
V. RESULTS
The simulations were performed with MATLAB/SIMU-LINK, using SeDuMi [11] and YALMIP [12] .
The controller was tested with the Road Edge Recovery maneuver, considered to be the best overall rollover test maneuver [2] . The maneuver consists of a sharp right turn followed by a sharp left turn when the roll angle is at a local maximum. Figure 8 shows the steering angle, W W LO , and the normal forces for a car with the controller inactive during the Road Edge Recovery maneuver. The normal forces reaches below zero (the arrows show were in the figure), and there is wheel lift-off. The simulation results after the wheel lift-off are only approximately valid, since wheel lift-off is not accurately modelled. The W W LO warning measure is below zero when wheel lift-off occurs. Figure 9 shows the steering angle, W W LO , and the normal forces for a car with the controller active during the Road Edge Recovery maneuver. The normal forces is always above zero, and there is no wheel lift-off. A comparison of the trajectories of the two cases is shown in Figure  11 . The trajectories are almost identical, but the vehicle without the controller active is skidding much more than the vehicle with the controller active. Thus, there is only a small deviation from the nominal trajectory. Moreover, the control allocator algorithm follows the desired tire forces well, see Figure 12 . Only one iteration was needed, the solution was always on the boundary of the ellipses.
VI. CONCLUSIONS AND FUTURE WORK
In this paper a new kinetic energy measure for rollover detection is introduced. Moreover, a control system that is designed to prevent rollover, consisting of a gain scheduled LQ controller and a control allocator is proposed. The control system is triggered by the rollover measure, then the LQ controller gives the desired force changes, which are mapped to traction system commands by the control allocator.
The new wheel lift-off warning measure, W W LO , successfully detects the imminent wheel lift-off in the simulated test case. The proposed controller is capable of preventing wheel lift-off in the simulated test cases. The controller structure provides much freedom for the control designer, but the stability of the proposed controller is not guaranteed, due to the complex structure of the controller. Maybe some issues can be resolved if the problem is cast in a linear parameter varying framework. Still, the onoff transitions may cause problems, and this need to be addressed. The original control allocation problem, which is nonconvex, can be posed as a convex SOCP algorithm. This new control allocation algorithm is successful in achieving the desired control action. The control allocation problem is small and convex, and it can therefore be suitable for embedded optimization. However, the theoretical properties of the control allocation algorithm need to be investigated in more detail, e.g., find fixed bounds for the execution time and find which conditions that render a solution that is on the boundary of the ellipses. The algorithm should also be compared with other existing approaches.
Finally, further testing with a more accurate vehicle model and driver model should be performed. Ultimately, tests with a real vehicle is necessary to validate the results.
